Abstract. It is well known that for any irrational rotation number α, the noncommutative torus Aα must have representations π such that the generated von Neumann algebra πpAαq 2 is of type III. Therefore, it could be of interest to exhibit and investigate such kind of representations, together with the associated spectral triples whose twist of the Dirac operator and the corresponding derivation arises from the Tomita modular operator.
Introduction
The study of Connes' noncommutative geometry grew impetuously in the last decades, mostly motivated by possible applications in various fields, among which we first mention Connes' reconstruction theorem in classical geometry, see [16] . The other potential applications we would like to point out are in physics, in particular to the quantum Hall effect (e.g. [2, 46] ), and to the attempt to provide a model of equations which unifies the four fundamental interactions known in nature. The reader is referred to [5] and [15] for the explanation of the possible role of the noncommutative geometry in solving the above mentioned fundamental problems that are still open and not even satisfactorily understood.
According to Connes' description of the commutative manifolds, the main ingredient in noncommutative geometry is the so called spectral triple. It is expected that a spectral triple would encode the most important properties of the underlying "noncommutative manifold", such as algebraic, geometric, topological, metric, measure-theoretic aspects and many others. For an exhaustive explanation of the fundamental role played by the spectral triples in noncommutative geometry, the reader is referred to the seminal monograph [14] , the expository paper [12] , and the literature cited therein.
In view of other potential applications of noncommutative geometry, very recently it was pursued the program to exhibit twisted spectral triples for which the Dirac operator and the associated derivation are deformed in a suitable way. As explained in the seminal paper [19] , it would be of interest to implement such a twist by using directly the Tomita modular theory, provided this is nontrivial. The twisted spectral triples considered in the above mentioned paper were called modular. It is also clear that such modular spectral triples can play a role in constructing new noncommutative geometries in a type III setting by emphasising the need to take the modular data into account. The modular spectral triples considered in [19] for the noncommutative 2-torus were constructed by using inner and bounded perturbations of the standard tracial state, therefore providing again type II 1 von Neumann factors. In fact, the reason for introducing this construction was to obtain a curved geometry from the flat one. Concerning this aspect, the reader is referred to [21, 23, 41] for the investigation of the so called Ricci flow and its noncommutative counterpart.
The main goal of the present paper is the preliminary but yet essential step to provide examples of twisted spectral triples, which are naturally constructed by using the Gel'fand-Naimark-Segal (GNS for short) representation of a C˚-algebra A relative to a normalised positive linear functional (i.e. a state) with central support in the bidual, for which the generated von Neumann algebra is a type III factor. For the reader convenience, we recall the basic properties that a modular spectral triple should fulfil.
(i) The associated twist of the Dirac operator and the relative deformed derivation should come directly from the Tomita modular operator which, to include type III geometries, should be unbounded and not inner (i.e. it should not come from an inner perturbation of the canonical trace). (ii) The Dirac operator suitably deformed with the modular operator as mentioned above, should have compact resolvent at least for the so called "compact geometries". (iii) The unbounded deformed derivation associated with such a deformed Dirac operator, acting on the set of bounded operators, should include in its domain sufficiently many elements, e.g. typically a dense -algebra of the algebra describing the noncommutative manifold under consideration.
The construction of modular spectral triples satisfying the requirements listed above will be done in Section 9 for the noncommutative 2-torus.
The previous properties (i)-(iii) are important, since they constitute the minimal requirements for a spectral triple to encode the main metric (i.e. the Connes distance formula), and measure theoretic properties (i.e. the noncommutative counterpart of the volume form). We also mention the possible pairing with the K-theory and the equivariant K-theory with the corresponding local index formula. For such general aspects, the reader is still referred to [12, 14] and the literature cited therein.
After accepting (i)-(iii) above as the starting point, the natural candidate to construct examples of modular spectral triples will be a state ω on A with central support spωq in the bidual A˚˚of the C˚-algebra A, generating a type III representation. Due to the fact that the modular operator will be unbounded and not inner, such a construction appears quite difficult and in fact, to the knowledge of the authors, only few examples of spectral triples satisfying the minimal requirements outlined above are present in literature, even for the noncommutative 2-torus. On the other hand, also type III representations for such a pivotal example seem not to be explicitly exhibited in literature. Thus, the other relevant step of the present paper is to partially fill this gap, that is to exhibit examples of such representations for the noncommutative 2-torus.
One of the most studied examples in noncommutative geometry is indeed the noncommutative 2-torus A α (see e.g. [8] ), since it is a quite simple model, though highly nontrivial. It is related to the discrete Canonical Commutation Relations (CCR for short, see e.g. [10] ). In fact, it can be considered as a quantum deformation of the classical 2-torus T 2 , according to the parameter α corresponding to the rotation of the angle 2πα entering in the definition of the symplectic form involved in the construction. When α is irrational, the C˚-algebra A α is simple and admits a unique, necessarily faithful, trace τ . Therefore, the associated GNS representation gives rise to a von Neumann factor π τ pA α q 2 which is isomorphic to the Connes hyperfinite type II 1 factor. It is the noncommutative counterpart of the von Neumann group algebra L 8 pT 2 , mˆmq of the 2-torus, m being the Haar measure, that is the normalised Lebesgue measure on the unit circle. In this case, as A α is not a type I C˚-algebra, by the Glimm theorem (cf. Theorem 1 and Theorem 2 in [27] ), it must exhibit type III representations.
It is well known that one can associate to the canonical type II 1 representation, an untwisted spectral triple based on an untwisted Dirac operator chosen in a natural way. We also mention that there are other (untwisted) spectral triples canonically associated to the various complex structures on T 2 , see e.g. Section 1.4 of [19] .
Having in mind the various potential applications to type III cases, in [19] it was postulated the existence of twisted spectral triples whose Dirac operator, necessarily twisted, is used to define a twisted commutator. Such twists involve directly the modular data, and the corresponding spectral triples were called "modular". The construction was carried out by deforming the metric (i.e. the Dirac operator) through an inner and bounded perturbation, directly on the representation associated to the trace.
However, the most common case for physical applications concerns type III λ von Neumann algebras, λ P p0, 1s, describing temperature states at finite inverse temperature β P Rzt0u, apart from the ground state β " 8 corresponding to the type I case and the infinite temperature state β " 0 corresponding to the type II 1 case, see e.g. [10] . Recently, in [3, 4, 25] similar considerations concerning the type of the von Neumann algebras appearing in quantum statistical mechanics have been generalised to disordered systems including the spin glass models.
To conclude with these preliminary observations, we notice that, while the structure of the type II 1 representation of the noncommutative torus associated to the canonical trace is widely investigated, to the knowledge of the authors the geometries arising from type III representations for which the modular data plays a primary role, are not yet satisfactorily studied. Among the works going towards this direction, we would like to mention the recent papers [11, 13, 19, 22, 28, 29, 30, 42] .
As a preliminary step, one of the aim of the present paper is then to exhibit type III representations of the noncommutative torus A α , at least in the case when α is a Liouville number. More precisely, the construction is carried out for any type II 8 and III λ , λ P r0, 1s representation. Correspondingly, for such representations we construct the canonically associated spectral triples, suitably deformed by the Tomita modular operator.
Our construction is based upon the explicit knowledge of suitable diffeomorphisms f of the circle with rotation number ρpf q " α such those considered in [43] . Indeed, by using the method described in [1] to construct non regular representations for the CCR algebras, we shall consider states ω such that the corresponding GNS representations generate von Neumann factors isomorphic to a crossed product, that is
For such orientation preserving diffeomorphisms f of the unit circle as before, β is the quasi invariant, free and ergodic action induced on functions g on the unit circle by the corresponding action of f on points: βpgq " g˝f´1. For the infinite cases, the type of the factor is then determined by the Krieger-ArakiWoods ratio set relative to the dynamical system pT, dθ{2π, f q generated by all iterates of the diffeomorphism f and its inverse f´1. We also note that to each of such diffeomorphisms, there corresponds a probability measure on T, which is quasi invariant and ergodic under the action of the irrational rotation 2πα, see below. On one hand, it was proved (see e.g. [32, 33, 39, 40, 45] ) the existence of plenty of measures on the unit circle which are quasi invariant and ergodic under the action of the irrational rotations. On the other hand, either the existence of such measures exhibiting any preassigned ratio set is assured by general theorems, or either such measures are explicitly exhibited without any control on the ratio set.
However, examples of such diffeomorphisms are explicitly constructed in [43] for each preassigned kind of ratio set, that is of type II 8 or III λ , λ P r0, 1s.
Concerning the deformed Dirac operators and the deformed commutators associated to such representations, we prove that such Dirac operators still have compact resolvent, and in addition the deformed commutators still admit a dense˚-algebra in their domain, which is also closed under the entire functional calculus. This is carried out at least in the case when the involved Liouville number α satisfies a stronger approximation condition by rationals. We note that, in order to provide a real map, our definition of the deformed commutator slightly differs from the analogous one in [19] .
Our investigation also relies on some results of self containing interest concerning the asymptotic of the growth sequence Γ n pf q of the circle diffeomorphisms f involved in the above construction. We note that, for the diffeomorphisms we shall consider, Γ n pf q is necessarily unbounded. It was shown in Theorem 1 of [54] that Γ n pf q " opn 2 q. On the other hand, in Theorem 2 of the above mentioned paper, for each diverging sequence a n " opn 2 q there exists a diffeomorphism f of the circle without periodic points such that Γ n pf q " a n . Unfortunately, there is no information about the ratio set of the diffeomorphisms constructed in [54] , whereas in [43] no control about the growth sequence is exhibited for examples considered therein. Our result combines both controls on the ratio set and the growth sequence. More precisely, we show that all diffeomorphisms described in [43] , for which we have a precise information about the ratio set, have a growth sequence for which Γ n pf q " opnq. Furthermore, it is possible to construct diffeomorphims with the same method as in [43] corresponding to a preassigned ratio set, and with growth sequence Γ n pf q " opln nq, provided that the involved Liouville number satisfies the faster approximation condition mentioned above. We also note that our construction of non type II 1 representations might be carried out also in diophantine case, by relaxing the smoothness properties of the involved diffeomorphisms, see the corresponding discussion in Section 10.
To end the discussion about the noncommutative geometry relative to the 2-torus, we would like to remark that it admits more classical and well studied noncommutative geometries through the θ-deformations studied in [18] , see e.g. [55] . Concerning the general properties of θ-deformations, we also mention the relevant reference [9] .
In view of the potential applications of the noncommutative geometry to physics (cf. [2, 5, 14, 22, 30, 42, 46] ), we note that the method developed in the present paper can be generalised to arbitrary CCR algebras based on a locally compact abelian group equipped with a symplectic form, see e.g. [57] . Concerning a well known particular case, we mention the CCR algebra describing a physical system with n degrees of freedom (i.e. based on R 2n " C n equipped with the canonical symplectic form), for which it is possible to construct type III representations in "apparent contradiction" with the celebrated Stone-von Neumann uniqueness theorem (cf. Corollary 5.2.15 in [10] ).
The present paper is organised as follows. The introductory Section 2 contains the preliminary notations and definitions used in the sequel.
In Section 3, we recall the main properties of the diffeomorphisms constructed in [43] for any Liouville number α such that ρpf q " 2α (the factor 2 is attached only for the matter of convenience, see below), crucial in our analysis. We also prove two results needed in the sequel, which have a self containing interest. Namely, for the diffeomorphisms f of the unit circle T in Proposition 2.1 of the above mentioned paper, we show that their growth sequence has a not too wild behaviour at infinity: Γ n pf q " opnq. In addition, if α satisfies the faster approximation property by rationals UL introduced below, one can construct diffeomorphisms as in Proposition 2.1 of [43] for which Γ n pf q " opln nq. Therefore, for L and UL-numbers (L and UL stand for Liouville and Ultra-Liouville, respectively), we have a joint control about the ratio set and the growth sequence of the diffeomorphisms introduced in Proposition 3.1, the last ones playing a crucial role in constructing non type II 1 modular spectral triples.
Section 4 is devoted to investigate the properties of a class of states ω µ on the C˚-algebra A 2α of the noncommutative 2-torus associated to the deformation angle 4πα. Such states are constructed by considering a probability measure µ on the unit circle T. In particular, for the rotation R of the angle 2πα, we show that if µ˝R n " µ˝R´n, n P Z, then the support of ω µ in the bidual A˚2 α is central (i.e. the cyclic vector ξ ω of the GNS representation is also separating for π ωµ pA 2α q 2 ), and therefore ω µ exhibits a natural modular structure. The GNS representation and the modular data for the states ω µ as above are then explicitly described in Section 5.
Section 6 is devoted to determine the type of the von Neumann algebra π ωµ pA 2α q 2 , which is in fact an hyperfinite factor. In order to construct the state ω µ , for any irrational α P p0, 1{2q we consider an orientation preserving diffeomorphism f P C 8 pTq with rotation number ρpf q " 2α. Then it is conjugate to the rotation 4πα through an essentially unique homeomorphism: f " h f˝f˝h´1 f . If α is diophantine, h f is also smooth (cf. [56] ), and therefore the unique invariant measure m˝h´1 f is equivalent to the Lebesgue measure m. Otherwise, if α is a Liouville number, we can find cases for which m˝h´1 f K m since h f might not be smooth. For all these situations concerning a fixed diffeomorphism f as before, the states ω µ previously described will be associated to the measure µ :" m˝h f . We then show that
which is an hyperfinite von Neumann factor whose type is determined by the ratio set rprµs, R 2α q, or equivalently by rprms, f q, in the cases when is not of type II 1 . In order to get non type II 1 representations, it is then enough to look at the diffeomorphisms constructed in [43] for any preassigned ratio set, whose main properties are collected in Section 3. In Section 7, we study the deformation D σ of the standard (i.e. untwisted) Dirac operator D by the Tomita modular operator. We then check whether D σ has compact resolvent, and show that this happens for all diffeomorphisms f of Section 3 because of the not too wild asymptotic opnq of their growth sequence Γ n pf q. By following the lines in [19] , in Section 8 we construct the remaining object of the spectral triple, that is the deformed commutator D σ associated to the deformed Dirac operator D σ . Unfortunately, due to an unavoidable obstruction, we see that such a deformed derivation does not admit enough elements providing bounded operators acting on the GNS Hlibert space H ω .
The construction of modular spectral triples arising from non type II 1 representations is carried out in Section 9 by modifying the definition of the underlying Dirac operator. When α is a UL-number, by the results in Section 3, we can construct diffeomorphisms f with a preassigned ratio set, and in addition a better control for their growth sequence (i.e. Γ n pf q " opln nq). This allows us to construct representations of preassigned type, and in addition Dirac operators with compact resolvent, and deformed commutators such that there are sufficiently many elements in their domains.
The paper is complemented by two further sections. For the convenience of the reader, Section 10 collects some open interesting problems, not only directly connected to noncommutative geometry. Section 11 contains the explicit computation of the (perhaps expected) fact that the dense˚-algebra for which the deformed commutator provides bounded operators, can be chosen to be stable under the entire functional calculus.
Preliminaries
In the present section, we collect all notations and definitions which are useful in the paper.
2.1. Preliminary notations. Let E be a normed space. We simply denote by }¨} its norm whenever no confusion arises. In particular, }x} " }x} H will be the Hilbertian norm of the element x P H in the Hilbert space H. For a continuous or measurable function f defined on the locally compact space X equipped with the Radon measure µ, }f } " }f } 8 will denote the "sup" or "esssup" norm of the function f , respectively. In addition, for an arbitrary set X (i.e. equipped with the discrete topology), BpXq will denote the C˚-algebra consisting of all bounded functions defined on it, equipped with the natural algebraic operations and norm }f } " }f } 8 :" sup xPX |f pxq|.
Let X be a locally compact abelian group together with its dual group p X (i.e. the group of continuous characters equipped with pointwise multiplication, reciprocal and the topology of the uniform convergence on the compact subsets of X), with the Haar measures dx, dχ, respectively. The Fourier transform and anti-transform of a function f P L 1 pX, dxq are defined
By the Riemann-Lebesgue lemma, if a, b P C˚pXq, the enveloping C˚-algebra of the L 1 -convolution algebra of X, their convolution is a well defined element a˚b P C˚pXq, whose corresponding Fourier transform and anti-transform are functions in C o p p Xq, the space of all continuous functions on p X vanishing at infinity, satisfying z a˚bpχq "âpχqbpχq,ã˚bpχq "ǎpχqbpχq.
Let T :" tz P C | |z| " 1u be the abelian group consisting of the unit circle. It is well known that the dual topological group p T is isomorphic to the discrete group Z. The corresponding Haar measures are dm " for z " e ıθ on the circle, and the counting measure on Z, respectively.
Let pX, Bq be a measurable space, together with two σ-additive measures µ and ν on the σ-algebra B, which are supposed to be always σ-finite and positive. If µ dominates ν in the sense of measures (e.g. Section I.4 of [48] ), we write ν ĺ µ. If ν ĺ µ and µ ĺ ν, then µ and ν are equivalent as measures, and we write µ " ν.
For an essentially bounded measurable function f on the measure space pX, B, νq, the multiplication operator M f is the closed operator acting on L 2 pX, B, νq with domain
On measurable automorphisms.
To simplify notation, we will denote by R the rotation by the angle 2πα (i.e. R " R α ) whenever the parameter α is fixed. Set µ n :" µ˝R´n for each n P Z. More generally, if f : Y Ñ Y is an invertible map on the set Y : ‚ f 0 :" id Y , and its inverse is denoted by f´1; ‚ for the n-times composition, f n :" f˝¨¨¨˝f loooomoooon n´times ;
‚ for the n-times composition of the inverse, f´n :" f´1˝¨¨¨˝f´1 looooooomooooooon
Thus, f n is meaningful for any n P Z with the above convention.
Recall that an automorphism f of a standard measure space pX, B, νq is a bi-measurable bijection between two conull subsets of X such that the pull-back measure satisfies ν˝f " ν. The automorphism f is called ergodic if any f -invariant measurable subset of X is either null or conull. When the measure space pX, B, νq is fixed, we will just speak about an ergodic automorphism f . If it is not of type I (i.e. ν is not purely atomic), any such an automorphism is further classified by the Krieger-Araki-Woods ratio set (cf. [36] ), denoted by rpf q Ă r0,`8q when the measure class rνs determined by ν is fixed, or more precisely by rprνs, f q.
Consider a non type I automorphism f as above. It is said to be of (ii) type II, if rpf q " t1u.
Notice that this is the case if and only if ν " ν 0 for a (essentially unique) σ-finite invariant measure ν 0 . It is said to be of
In the remaining cases, it is said to be of (iii) type III, if it is not of type II.
Furthermore, it is said to be of
Consider the natural action of Z on L 8 pX, νq generated by the automorphism f : βpgq :" g˝f´1 for g P L 8 pX, νq. For the crossed product L 8 pX, νq ⋉ β Z, it is well known that S pL 8 pX, νq ⋉ β Zq " rpf q, where SpM q is the Connes spectral invariant of the factor M , see e.g. [20, 35, 37, 38] . We now specialise the matter to the unit circle. In this case, suppose that for some real number α P p0, 1q, f " h˝R α˝h´1 for some homeomorphism h of the unit circle. Then ρpf q " α, where ρpf q is the rotation number (e.g. Section 11 of [31] ) of the homeomorphism f . Conversely, for α irrational, suppose that f is an orientation preserving C 1 -diffeomorphism with bounded variation derivative, such that ρpf q " α. Then (A) f is topologically conjugate to the rotation R α , that is f " h f˝Rα˝h´1 f , for a unique homeomorphism h f of T with h f p1q " 1.
If α is diophantine and f is a sufficiently smooth diffeomorphism, h f is indeed smooth, see e.g. [56] .
The following fact is immediately true.
Lemma 2.1. Suppose that a homeomorphism f of the circle T is conjugate to a rotation R α according to (A). Then the homeomorphism of the circle defined as g :" h f˝Rα{2˝h´1 f is a "square root" of f : g˝g " f .
Given an irrational number which is not diophantine, it is possible to prove that it is a Liouville number, that is it satisfies the condition (L) below.
(L) A Liouville number α P p0, 1q is a real number such that for each N P N the inequalityˇˇˇˇα´p
has an infinite number of solutions for p, q P N with pp," 1. (UL) Among Liouville numbers, we also consider those such that, for each λ ą 1 and N P N, the inequalityˇˇˇα´p
again admits infinite number of solutions for p, q P N with pp," 1. For details and proofs, we refer the reader to [31, 34] and the reference cited therein. Let . We refer to a C 8 -diffeomorphism f : T Ñ T simply as a "diffeomorphism" if is not otherwise specified.
Given a C 1 -diffeomorphism f of the unit circle T, the growth sequence tΓ n pf q | n P Nu is defined as
We set γpf q :" sup
If f is C 1 -conjugate to the rotation by some angle 2πα, then γpf q ă`8. As pointed out before, this happens for C 8 -diffeomorphisms f with ρpf q " α whenever α is diophantine. Suppose that β P p0, 1qzQ and f is an orientation preserving diffeomorphism with ρpf q " β. In this case, the Denjoy Theorem asserts that there exists a unique homeomorphism h f of the unit circle such that h f p1q " 1 satisfying (A) for the rotation R β . Then
is the unique invariant measure, which is ergodic for the natural action of f on T. For a diophantine number β, h f is indeed smooth and thus µ f " m. For a Liouville number β, things are quite different. There are diffeomorphisms as above for which the unique invariant measure ph f q˚m is singular w.r.t. the Haar measure m: ph f q˚m K m. In order to exhibit type III representations of the noncommutative torus A 2α , we will actually look at such diffeomorphisms, where β " 2α. The use of the factor 2 is pure matter of convenience, and will be clarified in the sequel.
To deal with Dirac operators on A 2α , we must also look at the Haar measure m on T. In fact, we begin by noticing that the sequence of the measures tm˝f n | n P Zu are all quasi equivalent, as f is a diffeomorphism. We then compute the corresponding Radon-Nikodym derivatives in the following Lemma 2.2. For any C 1 -diffeomorphism of the circle f , we have
Proof. The proof relies on an elementary change of variable. In fact, fix any function h P CpTq, and set g " f n . We then have ż
We also notice the crucial fact that the Lebesgue measure m is ergodic under the action of the C 8 -diffeomorphisms f considered in the present paper, see e.g. Theorem 12.7.2 in [31] .
2.3. The noncommutative 2-torus. For a fixed α P R, the noncommutative torus A 2α associated to the rotation by the angle 4πα, is the universal unital C˚-algebra with identity I generated by the commutation relations involving two noncommutative unitary indeterminates U, V :
We express A 2α in the so called Weyl form. Let a :" pm, nq P Z 2 be a double sequence of integers, and define
Obviously, W p0q " I, and the commutation relations (2.3) become
where the symplectic form σ is defined by σpa, Aq :" pmN´M nq, a " pm, nq, A " pM, N q P Z 2 .
We now fix a function f P BpZ 2 q, which we may assume to have finite support. The element W pf q P A 2α is then defined as
f paqW paq.
The set tW pf q P A 2α | f P BpZ 2 q with finite supportu provides a dense -algebra of A 2α . For α irrational, we recall that A 2α is simple and has a necessarily unique faithful trace τ given by τ pW pf:" f p0q, W pf q P A 2α .
Conversely, by Remark 1.7 of [8] , any element A P A 2α is uniquely determined by the corresponding Fourier coefficients
The relations (2.4) transfer to the generators W pf q as follows:
where
It is then easily seen that, for each fixed n P Z, f pnq pmq :" f pm, nq defines a sequence whose Fourier anti-transform
provides a continuous function } f pnq P CpTq. From now on, we tacitly assume that α P p0, 1{2q is always irrational. Moreover, in order to get type III representations and the corresponding modular spectral triples, we shall restrict the matter to Liouville numbers (L), possibly satisfying the stronger approximation condition (UL) when necessary, even if the general part of the present analysis works for general irrational numbers α P R.
Modular spectral triples.
Concerning the usual terminology, the main concepts and results in operator algebras theory such as Tomita modular theory and so forth, the reader is referred to [10, 50, 52] and the reference cited therein.
For the convenience of the reader, we report the following well known fact whose proof can be found in pag. 15 of [47] . Proposition 2.3. Let ϕ P A˚be a positive linear functional on the C˚-algebra A, together with its GNS representation pH ϕ , π ϕ , ξ ϕ q.
Then ξ ϕ is cyclic for the commutant π ϕ pAq 1 if and only if the support spϕq in A˚˚is central: spϕq P ZpA˚˚q.
For the C˚-algebra A, we denote with SpAq Ă A˚the set of the states, that is all positive normalised functionals on A.
Let ω P SpAq with spωq P ZpA˚˚q. Then
is well defined on the dense subset π ω paqξ ω | a P A ( Ă H ω , and closable. The polar decomposition of its closure S ω , named the Tomita involution, is usually written as S ω " J ω ∆ 1{2 ω , where J ω and ∆ ω are the Tomita conjugation and modular operator, respectively. We shall drop the subscripts whenever the state ω is fixed once for all.
We introduce the definition of (even) modular spectral triple that we will use in the sequel, which is slightly different from the analogous one in [19] . For general aspects and some natural applications of spectral triples, we refer the reader to [12, 14, 53] and the references cited therein. Definition 2.4. A modular spectral triple associated to a unital C˚-algebra A is a triplet pω, A, Lq, where ω P SpAq, A Ă A is a dense˚-algebra and L is a densely defined closed operator acting on H ω , satisfying the following conditions:
(i) spωq P ZpA˚˚q;
(ii) the deformed Dirac operator
cting on H ω ' H ω uniquely defines a selfadjoint operator with compact resolvent: D σ is densely defined essentially selfadjoint with 1`pD σ q 2˘´1 {2 compact; (iii) for each a P A, the deformed commutator
niquely defines a bounded operator:
The closure of the Dirac operator in (ii) will be also denoted as D σ with an abuse of notation.
Concerning the question of whether a spectral triple determines a Fredholm module (e.g. [14] ), it is customary to add the additional condition (iv) in the definition of spectral triple. We would like to point out that, although the situation is well clarified in the untwisted case in [26] , in the situation treated in the present paper it is still unclear what should be the conditions to obtain a Fredholm module from a modular spectral triple fulfilling the properties in Definition 2.4. Indeed, it might be necessary to use a definition that is based on some suitable twisting. We do not want to pursue to much these relevant aspects, and postpone a more detailed analysis somewhere else.
We end by pointing out that, even if the terminology "modular spectral triple" is used in slightly different contexts (e.g. [11] ), we still call "modular" a spectral triple fulfilling the properties in Definition 2.4 in accordance to the analogous one in Section 1 of [19] , to which our definition is widely close. The reader is referred to Section 8 for the explanation of the appearance of condition (iii) above, which is slightly different from the analogous one in the above mentioned paper [19] .
On the diffeomorphisms on the circle
In the present section, we report some useful results listed in Proposition 2.1 of [43] concerning diffeomorphisms of the unit circle topologically conjugate to a rotation by 2π-times a Liouville number α, that is a number satisfying condition (L). In the previously mentioned paper, the diffeomorphisms f are constructed in order to have a control on the ratio set rprms, f q, but without any control on the growth sequence, the latter being crucial in exhibiting modular spectral triples associated with non type II 1 representations. On the other hand, the asymptotic of the growth sequence is studied in several papers, and in particular in the case of sufficiently smooth diffeomorphisms without periodic points, in [54] . Contrary to [43] , no control about the ratio set is investigated therein. For such diffeomorphisms, we provide also a control on the growth sequence. We then extend the topic to diffeomorphisms f with ρpf q " α, such that α satisfies the condition (UL), by exhibiting examples with a better behaviour of their growth sequence.
By using the terminology of [43] , to which we refer the reader for further details, we also collect some of the points listed in Proposition 2.1 in the above paper (see also Lemma 4.1 in [24] ), which are crucial for the purpose of our analysis, in the following Proposition 3.1. Let α P p0, 1q satisfy (L), and consider any type II 8 , or III λ , λ P r0, 1s diffeomorphism of T, together with the corresponding ratio set F Ă r0,`8q.
Then there exist sequences of rational numbers α n " pn qn P p0, 1q with pp n , q n q " 1 for each n P N, and diffeomorphisms of the circle h n such that, by setting H 0 :" id T , f 0 :" R α 1 , and defining recursively
(iii) H n converges uniformly to a homemorphism H. (iv) f n converges in the C 8 -topology to a diffeomorphism f satisfying f " H˝R α˝H´1 , phence ρpf q " αq.
(v) In the type II 8 case, the Lebesgue measure m on T is equivalent to an infinite measure which is invariant under the action of f , and thus, consequently, rpf q " t1u " F. In the type III case, rpf q " F. (vi) Γ n pf q " opnq.
(vii) If in addition α satisfies (UL), then the sequences tα n u nPN and th n u nPN can be chosen such that the diffeomorphism in (iv) satisfies Γ n pf q " opln nq.
Proof. (i)-(v) are proven in [43] .
(vi) Let tg l | l P Nu be any sequence of C 1 -diffeomorphisms of the circle, and m ą l. We get
If g m converges together with its 1 st -derivative to the diffeomorphism g, by taking the limit on the l.h.s., we get
Let g " f n , n P Z, with f any diffeomorphism as in (iv), constructed in Proposition 2.1 in [43] . With Cp1q the constant appearing in Lemma 2.3 of [43] when r " 1, by Lemma 2.3 in that paper, we obtain
By the definition of Liouville number, we can choose (see pag. 1405 of [43] ) an approximation p k {q k Ñ α such that
By inserting (3.2) in (3.1), we get
and thus
By using again the triangle inequality, we argue
Choose now any strictly increasing sequence of integers tk m | m P Nu such that γpf km q ď m 1{2 . Then
(vii) First we note that, if (UL) is satisfied, then α is a fortiori a Liouville number, hence conditions (3.4) and (3.5) in [43] (needed to construct beforehand a sequence of diffeomorphismsĥ n such that the diffeomorphism f has the desired type, i.e. II 8 or III λ , λ P r0, 1s), are automatically fulfilled.
Assume (UL) with 2N instead of N . For each N P N, ε ą 0 and C ą 1, a simple computation then yields that, if
, then the inequality
has an infinite number of solutions with pp," 1. Hence, for such an α we can immediately assume the latter condition and perform the same reasonings as in [43] .
By (2.4) in [43] , we have we can find p k , q k P N with pp k , q k q " 1 such thaťˇˇˇα´p
Now, as tq k | k P Nu is a strictly increasing sequence, also tm k | k P Nu is strictly increasing, hence m k Ñ`8 when k Ñ`8. Thus, we can define the following two-sided sequence (3.5) k n :"
Notice that tk n | n P Zu is a symmetric sequence and tk n | n ě 0u is non decreasing with sup |n| k n "`8 (hence k n Ñ`8 as |n| Ñ`8)
By adapting part of Lemma 5.7 in [24] to the present case, and using the sequence m k given by (3.4), we see that, ifˇˇˇα´p
whence the thesis.
Finally, proceeding as in point (vi) above, we get for any |n| ď m k`1 ,
and thus, by the triangle inequality, .4) and a sequence tk n | n P Zu as in (3.5) , and notice that |n| Ñ`8 implies k n Ñ`8 and m kn Ñ`8, the claim follows by (3.6) .
To conclude this section, we show how to construct examples of such "ultra-Liouville" numbers (UL) by following the lines in [49] . Indeed, let α denote the sum of reciprocals of tower powers which are defined as follows:
As the denominator of the n-th partial sum s n of the series is q n , we see that (3.3) holds true with s n ":
pn qn and for all n satisfying n2 qn log λ 2 ě q N n (notice that the previous inequality (3.3) is eventually satisfied). Indeed, we haveˇˇˇˇα´p
A class of states
Let µ P SpCpTqq be a probability measure on T. As shown in Proposition 2.1 of [1] ,
is well defined, positive and normalised, and therefore it defines a state on A 2α . The following two results concern the faithfulness properties of the state ω µ .
Proposition 4.1. The state ω µ P SpA 2α q is faithful if and only if supppµq " T.
Proof. Suppose supppµq
T. Choose a continuous non zero functionǧ P CpTq with supppǧq X supppµq " H. The functionǧ comes from g P C˚pZq. By setting Gpm, nq :" gpmqδ n,0 , we get
Thus, ω µ is not faithful.
Concerning the reverse implication, we compute
where µ n " µ˝R´n α with R´n α the rotation of the angle´2πnα.
If ω µ pW pf q˚W pf" 0, then ş dµ n pzqˇˇ} f pnq pzqˇˇ2 " 0 for each n P Z. As ! } f pnq | n P Z ) Ă CpTq, this implies } f pnq " 0, n P Z, identically on T since supppµ n q " T. Then for each n P Z, f pnq " 0 identically on Z, which means f pm, nq " 0, for each n, m P Z. Thus, we conclude that W pf q " 0.
Since A 2α is simple, we now check the stronger property of the vector state extension x¨ξ ω , ξ ω y of ω µ to π ωµ pA 2α q 2 to be faithful. 
Since µ 2n ĺ µ for each n P Z, we can directly assume that µ 2n " µ, n P Z. Fix a sequence tA k | k P Nu Ă A 2α , with the corresponding sequence of Fourier coefficients tf k | k P Nu given in (2.5), such that A k " W pf k q, k P N. By the same computations as in (4.2) for the sequences f k and fk , we obtain respectively,
By defining
we obtain
Moreover, we have
Suppose now that ω µ pAkA k q Ñ 0. By (4.3), this implies thatˇˇg pnq kˇ2 Ñ 0 in µ-measure for each n P Z. By assumption, dµ´2 n pzq " d n pzqdµpzq for a L 1 -function d n with 1{d n again in L 1 . This implies that g pnq k Ñ 0 in µ´2 n -measure as well. In fact, let ε ą 0 be given, and define
Notice that 0 ď χ E pn,εq k ď 1, and χ E pn,εq k Ñ 0 in L 1 pT, µq as k Ñ`8. By the Lebesgue Dominated Convergence theorem, we then get for each n P Z, ż
is a Cauchy sequence in À nPZ L 2 pT, µ´2 n q, hence it converges to a function g " ' nPZ g pnq . Thus, on one hand g pnq k Ñ 0 in µ´2 n -measure, and on the
nPZ L 2 pT, µ´2 n q. But this necessarily implies that g " 0. Therefore,
and thus by (4.4) we get ω µ pA k Akq Ñ 0.
We conclude the present section by exhibiting other states associated with measures supported on the transverse circle of T 2 . Indeed, fix any probability measure ν on T and consider the measure on T 2 uniquely defined by the Riesz-Markov Representation theorem as
Concerning its characteristic function, we compute
For W pf q P A 2α with f P BpZ 2 q with finite support, we set (4.6) ωpW pf:" ÿ m,n e 2πıαm 2 | µ ν pm, nqf pm, nq.
The above function would define a state on A 2α . In fact, we have Proposition 4.3. The function ω in (4.6) is positive on the unital˚-subalgebra of A 2α given by tW pf q P A 2α | f P BpZ 2 q with finite supportu.
Proof. For a finitely supported functions f P BpZ 2 q, put gpm, nq :" f pm, nqe´2 πıαmn . We compute ωpW pf q˚W pf" ωpW pf
g ‹˚g¯p z, wqdµ ν pz, wq "
|ǧpz, wq| 2 dµ ν pz, wq ě 0.
The GNS representation and the modular structure
We now proceed to the description of the GNS representation and the associated modular structure, provided that spω µ q P ZpA˚2 α q, relative to the states ω µ described in the previous section.
Proposition 5.1. The GNS representation`H ωµ , π ωµ , ξ ωµ˘a ssociated with the state ω µ in (4.1) is given by
pπ ωµ pW pf qqgq n pzq " ÿ lPZ´} f plq˝R n´l¯p zq´g n´l˝R´l¯p zq, pξ ωµ q n pzq " δ n,0 , z P T, n P Z.
Proof. We proceed first by constructing a representation of A 2α , and then by showing that it is indeed the GNS representation associated with the state ω µ . To this aim, we start with the computations involving the generators f pm, nq " δ k,m δ l,n . In this case, by (2.4) we have By recalling that tW pf q | f P BpZ 2 q with finite supportu is a dense˚-algebra of A 2α , for a finitely supported f pm, nq " ř k,l f pk, lqδ k,m δ l,n this leads to pf˚2 α gq pnq pzq " ÿ lPZˆÿ kPZ f pk, lq`R n´l pzq˘k˙ g pn´lq`R´l pzq"
By performing the same calculations as in (4.2), we get for any finitely supported f, g, h P BpZ 2 q,
which, together with (5.2), leads to
The computation in (5.2) also yields the following two facts. First, the cyclicity of ξ ωµ :
that is tπ ωµ pW pf qqξ ωµ | f P BpZ 2 q with finite supportu is dense in the Hilbert space À nPZ L 2 pT, µ n q. Second, the vector state given by ξ ωµ is precisely ω µ :
We now set H ωµ " À nPZ L 2 pT, µ n q, and denote by A ωµ the element A P A 2α viewed as a vector in H ωµ , i.e. we identify W pf q ωµ with À nPZ } f pnq P H ωµ . Finally, we look at the multilinear form on H ωµ given by @ π ωµ pW pf qqW pgq ωµ , W phq ωµ D " ω µ`W phq˚W pf qW pgq˘.
The statement then follows by uniqueness, up to unitary equivalence, of the GNS representation.
Suppose that µ satisfies the conditions of Proposition 4.2. This means that µ´n " µ n , n P Z. By setting dµ´npzq " h n pzqdµ n pzq for the corresponding Radon-Nikodym derivative, we then have h´npzq " h´1 n pzq, n P Z, µ n -almost everywhere.
In this case, the embedding of A 2α in H ωµ is faithful. Moreover, since
, it easily follows that, on elements x P H ωµ of the form x n pzq " } f pnq pzq, the map S o : W pf q Ñ W pf ‹ q given by pS o xq n pzq " x´npzq, is closable. Denoting its closure by S, we have S " J∆ 1{2 .
Theorem 5.2. Suppose that for µ P SpCpTqq, µ´n " µ n with RadonNikodym derivative dµ´n dµn " h n , n P Z. Then we have for the corresponding Tomita modular operator ∆ and conjugation J,
and p∆xq n pzq " h n pzqx n pzq, pJxq n pzq " h 1{2 n pzqx´npzq.
Proof. We start by determining S˚. On elements of the form x n " } f pnq , y n " } g pnq for W pf q, W pgq P A 2α , we compute
This leads to pS˚q n " M hn S n , n P Z which, combined with S 2 Ă I (cf. 10.1 in [50] ), yields
Concerning the conjugation J, by taking into account that J Ą S∆´1 {2 we easily compute for elements x P H ωµ as above,
Concerning the spectrum of the modular operator, denote by R ess ph n q the essential range of the measurable function h n w.r.t. the measure µ n . By Proposition VIII.3.1 in [48] , we easily get σp∆q " ď nPN´R ess ph n q ď 1{R ess ph n q¯.
As a simple application that covers also some examples dealt with in [19] , we consider the particular case corresponding to inner perturbations of the trace. In particular, set ϕ :" τ pW pkq¨q with kpm, nq " Kpmqδ n,0 . Notice that, in the language of Section 4, τ " ω µ τ , where for each n P Z, µ τ n " m, with m the normalised Lebesgue measure on the unit circle. A simple application of (5.1) to ϕpW phq˚W pf" τ ppW phq˚W pf qW pkqq, with g n " W pkq τ " π τ pW pkqq, yields ϕ " ω µ ϕ with the corresponding measures µ ϕ n given by dµ ϕ n " q K˝R´ndm, n P Z.
Type III representations
In order to find out type III representations, we restrict the matter to Liouville numbers. Thus, we fix an irrational number α P p0, 1{2q, tacitly assuming that it will be a Liouville one. Our analysis also applies to the diophantine case, providing type II 1 representations which are then equivalent to that of the trace. With R the rotation of the angle 2πα, we consider an orientation preserving diffeomorphism f with ρpf q " 2α. As f " h f˝R 2˝h´1 f for a unique homeomorphism h f such that h f p1q " 1, we define T :" h f˝R˝h´1 f . As explained in Lemma 2.1, T 2 " f , and we can set h f " h T 2 . Notice that, contrarily to its square f , T is merely a non smooth homeomorphism for all the non type II 1 cases treated in the present paper. We also consider the measure µ :" m˝h T 2 . Concerning the sequence of measures µ n " µ˝R´n, we have the following Lemma 6.1. For each n P Z, we have µ´n " µ n with
Proof. Since we know that m˝T n " m˝T´n for each n P Z, we have
hence µ´n " µ n .
Concerning the corresponding Radon-Nikodym derivative, by (2.2) we have for each n P Z and z P T,
We then compute
and the thesis follows.
In order to determine the type of the representation π ωµ , we use another representation, unitarily equivalent to the GNS one in Proposition 5.1, which is more convenient for our purpose. Indeed, for the Hilbert space
we define the operator V : H ωµ Ñ K as pV gq n pzq :" pg n˝R n qpzq, n P Z, z P T.
It is immediate to see that V is unitary with inverse V˚: K Ñ H ωµ given by pV˚gq n pzq " pg n˝R´n qpzq, n P Z, z P T. We can check that, after performing the above unitary equivalence in (5.1), the GNS representation can be also written as
pπ ωµ pW pf qqgq n pzq " ÿ lPZ´} f plq˝R 2n´l¯p zqg n´l pzq, pξ ωµ q n pzq " δ n,0 , z P T, n P Z.
The modular operator and the modular conjugation associated with the state ω µ , necessarily of central support (cf. Proposition 4.2), such as that described in Theorem 5.2, are then given by p∆xq n pzq "ph n˝R n qpzqx n pzq, pJxq n pzq "ph n˝R n q 1{2 pzqpx´n˝R 2n qpzq, (6.2) for each n P Z and z P T.
We now check that π ωµ pA 2α q 2 is indeed isomorphic to a crossed product.
Proposition 6.2. With the above notations, we have
Proof. Consider (6.3) A :" W pf q | f pm, nq " F pmqδ n,0 , F P BpZq with finite support ( .
Notice that A is a˚-algebra which can be viewed as a˚-algebra of continuous functions, norm dense in the copy of CpTq canonically embedded in A 2α , and weakly dense in π ωµ pAq 2 " L 8 pT, µq. For f pm, nq " F pmqδ n,0 as above, } f pnq " Hδ n,0 where H :" q F P CpTq. Consider now the natural action ρ on functions f P L 8 pT, µq, dual of the rotation of 4πα, given by ρpf qpzq :" f˝R´2pzq, z P Z.
By (6.1), it is immediate to show that CpTq Ă L 8 pT, µq are both naturally embedded in π ωµ pA 2α q 2 as the multiplication operator by the functions
Concerning the action of Z, we pick h k pm, nq :" δ m,0 δ k,n and put
Such unitary operators act on ℓ 2`Z ; L 2 pT, µq˘as the k-step shift:
Obviously, λ k " λ k , k P Z, and λ´1 " λ˚, where λ is the one-step shift (6.4) pλgq n " g n´1 , n P Z.
Then πpAq and tλ k | k P Zu generate A 2α as a C˚-algebra, and π ω pA 2α q 2 as a von Neumann algebra. In addition, since the crossed product condition (see e.g. Section 2.7.1 of [10] )
is easily verified, the result follows.
Since A 2α is a simple C˚-algebra, we recover the representation-independent well known fact that A 2α " CpTq ⋉ R 2α Z, where we have denoted with an abuse of notation, by R 2α the action β on functions corresponding to the rotation by the angle 4πα.
The main properties of the representation π ωµ are then described in the following Theorem 6.3. For α P p0, 1{2qzQ, let f be an orientation preserving diffeomorphism of T satisfying (A) in Section 2 w.r.t. the rotation R 2α by the angle 4πα. Consider the measure µ " m˝h f , together with the state ω µ P SpA 2α q given in (4.1).
Then π ωµ pA 2α q 2 is a hyperfinite factor acting in standard form on H ωµ , whose type (necessarily II 1 , II 8 , or III λ , λ P r0, 1s) is determined by the ratio set rprµs, R 2α q (or equivalently by rprms, f q), provided it is not of type II 1 . Furthermore, for A given in (6.3), π ωµ pAq 2 is maximal abelian in π ωµ pA 2α q 2 .
Proof. We already noticed that the Lebesgue measure m is quasi invariant and ergodic for the natural action of f on T. Consequently, µ is also quasi invariant and ergodic for the rotation R 2 by the angle 4πα on T. By Lemma 6.1, µ satisfies the condition of Proposition 4.2, and thus π ωµ pA 2α q 2 acts in standard form on H ωµ .
In Proposition 6.2, we have proven that π ωµ pA 2α q 2 " L 8 pT, µq ⋉ R 2α Z. Moreover, as the action of Z on L 8 pT, µq generated by R 2 is ergodic, it is also free (see e.g. pag. 363 in Section V.7 of [52] ). Then by Theorem XIII.1.5 and Corollary XIII.1.6 in [52] (see also [35, 38] for the original proofs), π ωµ pA 2α q 2 is a factor containing π ωµ pAq 2 as a maximal abelian subalgebra. In addition, it is hyperfinite as Z is amenable, see e.g. Theorem 4.4 of [37] or also [17] .
Concerning the type, trivially π ωµ pA 2α q 2 cannot be of type I since µ is nonatomic. It is of type II 1 if and only if the measure class rµs contains a probability measure which is invariant under the action generated by R 2 , see Theorem XIII.1.7 in [52] . In this case, µ " m and π ωµ pA 2α q " π τ pA 2α q by uniqueness. This always occurs when α is diophantine.
In the remaining cases, if π ωµ pA 2α q is not of II 1 , its type is determined by the Connes invariant S`π ωµ pA 2α q˘. The assertion follows by noticing that the last coincides with the Krieger-Araki-Woods ratio set (cf. [36] ) rprµs, R 2 q associated to the underlying ergodic W˚-dynamical system`L 8 pT, µq, R 2˘, see e.g. Section 2.1 in [20] .
Collecting together the previous theorem and Proposition 3.1, non type II 1 representations of the noncommutative 2-torus A 2α can be explicitly constructed for any Liouville number α.
The deformed Dirac operator
The present section is devoted to define a deformed Dirac operator associated with one of the representations of Theorem 6.3 whose twist is associated to the modular operator. The reader is referred to [19] , where such a structure is investigated for the type II 1 case arising from inner bounded "smooth" perturbations of the canonical trace. As the state ω µ in (4.1) is fixed, from now on we denote it simply by ω if is not otherwise specified.
For such a purpose, we work on the space À nPZ L 2 pT, mq rather than on À nPZ L 2 pT, µq. These Hilbert spaces are unitarily equivalent, such an equivalence being implemented by the unitary operator u : L 2 pT, µq Ñ L 2 pT, mq as follows:
Under the unitary equivalence realised by the direct sum of infinitely many copies of u, it is easy to see that, again with an abuse of notation,
zqg n´l pzq, pξ ω q n pzq " δ n,0 , z P T, n P Z.
By (2.2) and (6.2), for n P Z and z P T, the related modular structure is then given by p∆xq n pzq " zpDT 2n qpzq T 2n pzq x n pzq,
We set
so that the modular operator is given by ∆ " À nPZ M δn , M f denoting the multiplication operator by the function f .
After changing representation according to (7.1), on the Hilbert space
Here, the B i are the partial derivatives w.r.t. the angles θ i , i " 1, 2, of functions f`e ıθ 1 , e ıθ 2˘o n the 2-torus T 2 , which in our context assume the form pB 1 gq n pzq :" ız dg n dz pzq, pB 2 gq n pzq :" ıng n pzq, z P T, n P Z.
For the convenience of the reader, we write down the spectral resolution of D. By noticing that tz n | n P Zu is an orthonormal basis of L 2 pT, mq, one getŝ
we see that the orthonormal system e p˘q nm | m, n P Z ( is a basis for H ω ' H ω made of eigenvectors of the untwisted Dirac operator D.
The deformed Dirac operator with twisting determined by the modular operator, is here defined as follows. Denote ACpTq the set of all absolutely continuous complex valued functions on the unit circle. The Sobolev-Hilbert space H 1 pTq is given by
and define the (unbounded) operators
Then the deformed Dirac operator D σ is defined as
on the domain
Proof. We start by showing that the operators D σ n are selfadjoint on D D σ n :" H 1 pTq ' H 1 pTq. First, we notice that M f H 1 pTq " H 1 pTq, whenever f P C 8 pTq with 0 ă c ď f pzq ď 1{c, property satisfied by all δ n , n P Z. It is also easily seen that D σ n is symmetric on H 1 pTq ' H 1 pTq. Then it is enough to check D pD σ n q˚Ă H 1 pTq ' H 1 pTq. Indeed, let η " pη 1 , η 2 q P D pD σ n q˚w ith }η} " 1. Then for vectors ξ P D D σ n of the form p0,ξq and pM δnξ , 0q with ξ P H 1 pTq, we get
Thus, M δ´1 n η 1 hence η 1 , and η 2 are in H 1 pTq, and therefore all D σ n are selfadjoint on H 1 pTq ' H 1 pTq.
Concerning D σ , which is the direct sum of the D σ n , we note that it is symmetric on D D σ . As before, it is enough to show that D pD σ q˚Ă D D σ . Suppose η P D pD σ q˚. By considering elements of the form ξ "ξδ n ,ξ P H 1 pTq ' H 1 pTq, we easily show that η n P H 1 pTq ' H 1 pTq for each n P Z.
By taking into account the previous facts, we compute for ξ " pξ n q nPZ P D D σ with finite support in n, and
We want to check whether D σ has compact resolvent. To this aim, we see that
Notice that, for the untwisted Dirac operator we have
where Pm ,n , Pḿ ,n are finite range projections with uniformly bounded range dimension. In addition, D n is invertible for each n ‰ 0. After defining (with an abuse of notation) D´1 0 :" D´1 0 P K KerpD 0 q , we see that each D n is invertible with bounded inverse
This immediately yields the well known fact that D´1, and therefore the D´1 n , n P Z, are compact operators. Concerning D σ , after defining as before
n are invertible with bounded inverse given by
Therefore, D σ has always an inverse given by
which is bounded (i.e. R D σ " H ω ' H ω by the closed graph theorem) if and only if À nPZ pD σ n q´1 defines a bounded operator, which happens if and only if
As D σ is selfadjoint, it has compact resolvent if and only if pD σ q´1 is compact with the convention in (7.8) for the inverse, provided (7.11) is satisfied.
For such a purpose, we are interested in the asymptotic of }pD σ n q´1} for n Ñ 8, in the natural direct sum decomposition (7.10) of D σ .
|n| , n P Zzt0u. Proof. By taking into account the definition of the growth sequence, (7.9), (7.2) and (7.7), we get
The main result of the present section is the following Theorem 7.3. The Dirac operator D σ in (7.5) has compact resolvent if and only if
and if (7.13) Γ n pT 2 q " opnq.
Proof. The proof relies on the form (7.6) of D σ . First, it has compact resolvent if and only if pD σ q´1 is compact. As each of its direct summands pD σ n q´1 " e´K n D´1 n e´K n is compact, it will happen if and only if (7.12) is satisfied. Indeed, if the this holds true, pD σ q´1 is compact being the norm limit of the sequence of compact operators pD σ q´1P n , with P n the orthogonal projection onto the n-direct summand L 2 pT, mq ' L 2 pT, mq in H ω ' H ω . Conversely, suppose (7.12) does not hold true. Then there would exist a sequence pξ k q kPN Ă H ω ' H ω of unit vectors such that for k, l P N k ‰ l,
Therefore, the sequence`pD σ q´1ξ k˘k PN is not relatively compact.
For the second half, if (7.13) is satisfied, Lemma 7.2 leads to (7.12), and thus pD σ q´1 is compact.
The modular spectral triple
The present section is aimed to build a reasonable deformed spectral triple whose twist (i.e. the twist of the deformed commutator with the associated Dirac operator) is constructed by using the Tomita modular operator.
To make the reasoning meaningful at the first stage, we fix any element A P π ω pA 2α q 2 in the set of the analytic elements w.r.t. the modular action σ ω associated with the state ω (e.g. Section 10.16 of [50] ), and define on the doubled representation space H ω ' H ω in (7.3),
With a slight abuse of notation, we also define the deformed commutator as follows:
where Σ z denotes the analytic continuation to z P C of the one-parameter group t P R Þ Ñ Σ t P B`BpH ω ' H ω q˘. A straightforward computation then yields
Such a definition of deformed commutator would give a real map:
L pAq uniquely defines a bounded operator acting on H ω ' H ω . Notice also that (8.1) can be meaningful even if A is not an analytic element.
We adopt directly (8.1) as the definition of the deformed derivation, and look at elements A P π ω pA 2α q such that D σ L pAq uniquely defines bounded operators acting on H ω ' H ω according to Definition 2.4.
Unfortunately, when dealing with the natural candidate for the deformed Dirac operator appearing in Section 7, we meet an unavoidable obstruction arising from the commutation relation
and therefore
where λ P π ω pA 2α q is the one-step shift given in (6.4) . Due to the presence of the unbounded operator ∆´1, the latter can never be bounded in the type III case. This is connected with the asymmetric role of the abelian algebras generated by the Weyl operators W pδ m,k δ n,0 q and W pδ m,0 δ n,l q, in the construction of the states ω considered in Section 4. However, we can yet exhibit the corresponding modular spectral triple associated with the Dirac operator (7.5), which might be of interest for some possible application.
Consider the subset C 0 Ă CpTq defined by
For each finite subset J Ă Z, consider the functions f k pm, nq :" x F k pmqδ n,0 with F k P C 0 , and g k pm, nq :" δ m,0 δ n,k . We define B 0 Ă BpZ 2 q as the set of all functions
We also define A
( .
By taking into account
T 2 , f˝T 2n P C 1 pTq provided that f P C 1 pTq. Therefore, A oo 2α is a unital˚-algebra, which is dense in A 2α by construction.
Theorem 8.1. For each orientation preserving C 8 -diffeomorphism f of the unit circle T with ρpf q " 2α, the following assertions hold true.
(ii) If A P π ω pA oo 2α q and N P N, pP N ' P N qD σ L pAq defines a bounded operator acting on H ω ' H ω , where P N is the orthogonal projection onto À |k|ďN L 2 pT, mq. Proof. By Denjoy theorem, the diffeomorphism f is conjugate to the rotation R 2α as established in (A) given in Section 2.2. Therefore, f " T 2 with T :" h f˝Rα˝h´1 f .
(i) Consider F P C 1 pTq and set f pm, nq :" { F˝h T 2 pmqδ n,0 . We note that π ω pW pfn " M F˝T 2n . Then, setting A " π ω pW pf qq, rL, As is diagonal, providing the multiplication by the functions (8.5) rL, As n pzq " ız d dz F pT 2n pzqq " ızDT 2n pzqpDF qpT 2n pzqq.
This implies that the deformed commutator is given by the multiplication by the functions p∆´1rL, Asq n pzq " ıT 2n pzqpDF qpT 2n pzqq, which are uniformly bounded in n P Z as F P C 1 pTq. Thus, the deformed commutator (8.1) is meaningful for A " π ω pW pfas a bounded operator acting on H ω ' H ω .
(ii) If f is given by (8.4) , then
The claim then follows from (i), taking into account (8.3) , that P N commutes with ∆, and finally that
Therefore, concerning the naturally associated spectral triple, we have Corollary 8.2. With the notations of Theorem 8.1, consider ω " ω µ P SpA 2α q given in (4.1) for µ " m˝h f , and L in (7.4).
(i) The triplet`ω, π ω pA oo 2α q, L˘satisfies (i), (ii) and (iv) of Definition 2.4, provided that Γ n pf q " opnq.
(ii) The type of the hyperfinite von Neumann factor π ω pA 2α q 2 is determined by the Krieger-Araki-Woods ratio set rprms, f q, if it is not of type II 1 .
Proof. Concerning (iv) of Definition 2.4, it easily follows from the definition of A oo 2α , (8.5) and (8.2). The remaining part follows from Theorem 8.1 and Theorem 6.3.
We end the present section by noticing that, in our situation, α diophantine produces always the II 1 case, whereas the non type II 1 is covered by Proposition 3.1 for Liouville numbers.
Another proposal for the modular spectral triple
Due to the obstruction (8.3), it seems that the deformed commutator (8.1) might not provide sufficiently many bounded operators for any reasonable dense set of A 2α . In the present section, we explain how to overcome this unpleasant feature by modifying the definition of the Dirac operator.
To this aim, fix any orientation preserving diffeomorphism f of the circle satisfying (A) w.r.t. a rotation by the angle 4πα, and set T :" h f˝Rα˝h´1 f (cf. Section 6). With
and a n :" signpnq
The associated deformed Dirac operator assumes the form
0˙.
Notice that such Dirac operators (twisted and untwisted) coincide with the canonical ones for the representation associated with the trace. As in Section 7 for the untwisted Dirac operator D, we recognise that D n is invertible when n ‰ 0. We set (with a little abuse of notation)
and see that each D n is invertible with bounded inverse
where Pm ,n are the selfadjoint projections onto the corresponding sspectral subspaces. This immediately implies that D´1 n is a compact operator for each n P Z.
The same proof as that in Proposition 7.1 shows that D σ is selfadjoint on the domain
where D D σ n " H 1 pTq ' H 1 pTq for each n P Z. In addition, with Proof. The proof of the first assertion proceeds exactly in the same way as the analogous one in Theorem 7.3. For the second half, reasoning as in Lemma 7.2, for |n| sufficiently large we have
The assertion then follows since, for the logarithmic integral function, Lipxq ě x ln x´2 ln 2 .
As in (8.1), we set for the associated deformed commutator,
We now pass to show that D σ L pπ ω paqq uniquely defines a bounded operator,
We then get the following Theorem 9.2. If A P π ω pA oo 2α q, then the deformed commutator (9.2) uniquely defines a bounded operator acting on H ω ' H ω .
Proof. By taking into account the commutation rule
where L # stands for L or L˚, we can reduce the matter to the algebraic generators of A oo 2α . First, for A " π ω pW pfwith f as in (i) of Theorem 8.
L pAq for L given in (7.4), and thus the claim follows. Second, for A " λ the one-step shift given in (6.4), together with its adjoint λ´1, we first note that for each n P N,
which can be checked by the simple formulas
For each n P Z, we notice that
and then compute
with the analogous one › ›`r L˚, λs∆´1g˘n › › ď |a n´1´an |Γ |n´1| pT 2 q}g} ď Γ 1 pT 2 q}g}.
The formulas for λ´1 follow from the previous ones by taking the˚-operation. Hence, D σ L pλq defines a bounded operator as well. Corollary 9.3. With the same notations in Theorem 8.1, consider ω " ω µ P SpA 2α q given in (4.1) for µ " m˝h f , and L in (9.1).
(i) The triplet`ω, π ω pA oo 2α q, L˘satisfies (i)-(iv) of Definition 2.4, provided that Γ n pf q " opln nq.
Proof. It immediately follows collecting together Theorem 9.1 and Theorem 9.2.
Therefore, by Proposition 3.1 we can thus exhibit non type II 1 modular spectral triples of the noncommutative torus A 2α satisfying all requirements in Definition 2.4, provided that α satisfies the fast approximation property (UL).
Outlook
For the convenience of the reader, we end the present paper by writing down a list, which is very far from being complete, of some open questions related to the analysis carried out in the present paper.
(a) We point out that the analysis concerning all natural properties encoded in the new spectral triples introduced in the present paper in a type III setting, deserves a detailed investigation as explained in [19, 53] . As a first step, we mention the definition/construction of the related (probably even twisted) Fredholm modules. Concerning the properties of the orientation preserving diffeomorphisms f of the circle as those considered in the present paper, the construction of non type II 1 representations and the corresponding modular spectral triples relies on the combined control of two crucial properties: the ratio set rprms, f q of the classical dynamical system pT, f , mq, and the growth sequence Γ n pf q. As intermediate results of self containing interest, we have shown that Γ n pf q " opnq for all diffeomorphisms in Proposition 2.1 of [43] . Moreover, if the involved Liouville number α satisfies the faster approximation condition pULq introduced in Section 2, it is possible to construct by the same methods as in [43] , diffeomorphisms f of the unit circle such that the ratio set rprms, f q is of preassigned kind, and in addition Γ n pf q " opln nq.
We argue that the analysis of [43] , on which Section 3 is based, might be further extended as follows.
(b) For each positive monotone sequence b n Ñ`8 and ratio set of preassigned type F, there would exist a set of Liouville numbers α P p0, 1q (indeed a dense set in r0, 1s depending on the sequence pb n q n ) and a set of diffeomorphisms f of the circle fulfilling (A), for which rprms, f q " F and Γ n pf q " opb n q.
In this way, we would also provide a generalisation of Theorem 2 in [54] , which asserts the control on the growth sequence without any control on the ratio set. For orientation preserving diffeomorphisms f of the circle as above, with the property that ρpf q " α for an irrational number α, we have looked at the unique invariant measure µ f given in (2.1). Denote by F α the set of such diffeomorphisms, and for d P r0, 1s,
where dim H stands for the Hausdorff dimension, see e.g. [44] . It is well known that dim H pµ f q ă 1 implies that µ f K m, and thus f is not of type II 1 .
(c) It would be of interest to prove or disprove at various levels the following conjecture that links the Hausdorff dimension of the unique invariant measure to the ratio set:
α ðñ f is of type III. Concerning diophantine numbers α P p0, 1q, the method developed in the present paper might suggest the way to construct non type II 1 representations, together with the corresponding modular spectral triples. As we have previously shown, the construction of modular spectral triples with the desired properties is based on the fact that the Borel automorphisms of [39] have to be sufficiently smooth. It relies on the knowledge of the asymptotic of the growth sequence of such diffeomorphisms. The natural candidates would be orientation preserving (non sufficiently smooth) C 1 -diffeomorphisms f of the circle with ρpf q " α which are topologically transitive, and therefore satisfy (A) for h f a non smooth homeomorphism. More precisely, (d) for diophantine numbers α P p0, 1q, to construct examples of such C 1 -diffeomorphisms for any given type II 8 , and III λ , λ P r0, 1s, together with an appropriate control of the growth sequence.
Finally, we would like to mention the following potential applications to the physical scenario.
(e) There might be possible applications of the new non type II 1 representations in the context of the quantum Hall effect, see e.g. [2, 46] . (f) We also note the possible generalisation of the present analysis to arbitrary CCR algebras based on a locally compact abelian group equipped with a symplectic form (cf. [57] ), and in particular to those describing physical systems with finite degrees of freedom.
Appendix
The dense˚-algebra A oo 2α appearing in the definition of the modular spectral triple associated with the noncommutative torus cannot be closed under the entire functional calculus. For untwisted spectral triples, the algebra of the functions for which the derivation generated by the associated (untwisted) Dirac operator provides a bounded operator, can be enlarged to include at least the smooth (i.e. C 8 ) functional calculus, see e.g. [7] . Unfortunately, there is no investigation for the same question relatively to general twisted spectral triples. Therefore, we will show how to enlarge the algebra A oo 2α in Corollary 9.3 in order to satisfy such a requirement, perhaps expected, of smoothness.
Consider f P BpZ 2 q such that W pf q P A 2α . For k P N, l " 0, 1, define the following sequence of seminorms provided } f pnq˝R´n˝h´1 T 2 P C 1 pTq, n P Z. Define The algebra A o 2α will play the role of the algebra of the "smooth" functions A in Definition 2.4. Notice that, in the more interesting cases when the homomorphism h f in (A) of Section 2 (where f " T 2 with ρpf q " 2α as usual) is not smooth, which necessarily happens in non type II 1 cases, the "smooth" generator of the "coordinate functions" acting on L 2 pT, mq is M z " π ω pW pf 1 qq, with f 1 pm, nq " p h f pmqδ n,0 , instead of π ω pW pf 2" M h´1 f pzq , with f 2 pm, nq " δ m,1 δ n,0 . If h f is smooth (i.e. for the type II 1 case), both functions generate dense˚-algebras of the smooth functions. In the non type II 1 cases, both generators generate the maximal abelian subalgebra consisting of a copy of the algebra of continuous functions CpTq in π ω pA 2α q.
But the "coordinate function" corresponding to π ω pW pf 2generates an algebra that acts through functions which are not smooth as expected. We now provide some preparatory results.
Lemma 11.1. A oo 2α Ă A o 2α is dense in A o 2α in the locally convex topology generated by the collection of seminorms tρ k,l | k P N, l " 0, 1u given in (11.1).
Proof. For W pϕq P A o 2α , then } ϕ pnq " H n˝hT 2˝R n , n P Z, where tH n | n P Zu Ă C 1 pTq. Let f k pm, nq " { H k˝hT 2 pmqδ n,0 for each k P Z, and define as in (8.4) , ϕ N :" ř |k|ďN f k˚2α g k , N P N, where g k pm, nq :" δ m,0 δ n,k . We then get
Therefore, ρ k,l`W pϕ´ϕ N q˘Ñ 0 whenever N Ñ`8, for each fixed k P N, l " 0, 1.
Lemma 11.2. For each k P N, there exists a constant Bpkq ą 0 such that ρ k,0`W pf˚2 α gq˘ď Bpkqρ k_2,0`W pf q˘ρ k_2,0`W pgq˘, ρ k,1`W pf˚2 α gq˘ď Bpkq`ρ k_2,1`W pf q˘ρ k_2,0`W pgq˘`ρ k_2`2,0 pf qρ k_2,1 pgq˘.
Proof. Fix two positive sequences tf n | n P Zu, tg n | n P Zu Ă r0,`8q. p|r|`1q´mp|n´r|`1q´m.
As the above identity is symmetric under the exchange n Ñ´n, we can reduce the proof to positive numbers. Moreover, as we must check the behaviour for large n, first we split the sum in various pieces by solving the modulus, and then estimate each piece with integrals, thus obtaining ÿ be an entire function. Denoting by f˚2 α ,n the n-times twisted convolution, we write F`W pf q˘"`8 ÿ r"0 F r W pf˚2 α ,r q " W pGq, with G :"`8 ÿ r"0 F r f˚2 α ,r .
We define |F |pwq :" ř`8 r"0 |F r |w r , and observe that |F | is entire as well, and that |F |r r0,`8q is positive. We then obtain, again by Lemma 11.2, Proof. By Lemma 11.1, A oo 2α is dense in A o 2α in the locally convex topology generated by the seminorms (11.1). It is then enough to prove the assertion for elements in the former set which, for any arbitrarily large but finite subset J P Z, have the form
where f k pm, nq " x F k pmqδ n,0 , F k P C 0 (i.e., F k " H k˝hT 2 with H k P C 1 pTq). Indeed, in this case A " π ω pW pf qq, with f pm, nq given by (8.4), and
n , n P Z, as explained in the proof of Proposition 11.1. We also notice that L " L 1`L2 with rL 1 , λs " rL 2 , π ω pW pf k qqs " 0, We end by noticing that Proposition 11.3 and Proposition 11.4 can be viewed as the counterpart of (ii) in Example 6.5 of [6] for the twisted examples under consideration.
